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THE THEORY OF RELATIVITY
That the transformation in question is a pure rotation, i.e. without change of ' length,3 (xz +}$ + z2 4- /2)* is best seen from (go), which give at once
showing thus the invariance, already noticed, of #2 + /2, and consequently also of xz H-/2 + zl + 1~. Notice that the above rotation co is an imaginary Euclidean rotation in x, y, z, /, or, which is the same thing, a real non-Euclidean (Lobatchewskyan) rotation in the space x, }>, z, ct through an angle ^ connected with co by
tan co = * tan i/'.                                   (12)
We shall soon have an opportunity to return to this real angle, which, according to (ro), is denned by
tan t = P-                                    (13)
Let again va be the velocity of S' relative to ,5*, and v2 that of S" relative to S', the former from the ,S- and the latter from the 6"-point of view. Then, if v, and V2 be parallel to and, say, concurrent with one another, the corresponding rotations are
Wj = arctan(i/31) round a certain plane, in the four-dimensional space x, y, z, /, and
round the same plane. (In three dimensions the rotation is round an axis, or line, in four 'round a plane,' i.e. leaving fixed a whole plane instead of a line.) Thus, the resultant rotation, corresponding to the passage from the 6"- to the *S"-variables, will be
(14)
Not the velocities  themselves are added  but the corresponding angles of rotation.
To verify the last formula, call v = c$ the resultant velocity, corresponding to to.    Then
//8 = tan co = tan (cox + co2) = L ~-
or
1)=--
i +
lO